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Abstract 

When one uses the Dirac bracket, second class constraints become first 
class. Hence, they are amenable to the BRST treatment characteristic of 
ordinary first class constraints. This observation is the starting point of 
a recent investigation by Batalin and Tyutin, in which all the constraints 
are put on the same footing. However, because second class constraints 
identically vanish as operators in the quantum theory, they are quantum- 
mechanically reducible and require therefore ghosts of ghosts. Otherwise, 
the BRST cohomology would not yield the correct physical spectrum. We 
discuss how to incorporate this feature in the formalism and show that it 
leads to an infinite tower of ghosts of ghosts. An alternative treatment, in 
which the brackets of the ghosts are modified, is also mentioned. 



Constraints in constrained Hamiltonian systems can arise for different 
physical reasons 0. They may originate from a gauge invariance of the 
theory, in which case they are first class. Or they may indicate that the 
q — p commutation rules must be modified, in which case they are second 
class. First class constraints kill twice as many degrees of freedom as second 
class constraints do. Geometrically, first class constraints define co-isotropic 
submanifolds, while second class constraints define regular submanifolds (i.e. 
submanifolds with an invertible induced two-form - for a recent review, see 

The standard quantization rules implement first class and second class 
constraints quite differently This is natural in view of the different physical 
meanings of the constraints. However, this feature is somewhat unfortunate 
because it requires an explicit separation of the constraints into first and 
second classes before going to the quantum theory. This is always possible in 
principle, but in practice, the split may be cumbersome or may spoil manifest 
Lorentz invariance. For this reason, various efforts have been devoted to the 
question of quantizing the constraints in a more uniform manner. 

Recently, Batalin and Tyutin have constructed a very interesting alge- 
braic scheme in which the constraints are formally kept on the same footing 
[@? fl> H- Their starting point is the observation that all the constraints are 
first class if one uses the Dirac bracket. Hence, one may define a BRST gener- 
ator in which one associates a conjugate pair of ghosts to all (first and second 
class) constraints. In that approach, the ghost spectrum appears to make 
no distinction between the constraints. Batalin and Tyutin then go on to 
develop a powerful formalism that incorporates the covariance properties of 
the Dirac bracket under redefinitions of the constraints, but this analysis will 
not be needed for our discussion, which focuses on a much more elementary 
point. We shall only investigate here the extent to which one can introduce 
a ghost spectrum uniformly for all the constraints. The main result of this 
letter is to indicate that the ghost spectrum must be augmented by ghosts 
of ghosts for the second class constraints. These ghosts of ghosts destroy 
the symmetry between first class and second class constraints. A uniform 
treatment may be recovered if one introduces further an infinite tower of 
additional ghosts of ghosts. 

Let z A (A = l,...,n) be the phase space coordinates and let (fi a ( zA ) 
(a = l,...,m) be the constraint functions. We assume the constraints to 
be irreducible for simplicity. We denote the Dirac bracket by [, ] and will 



make no mention of the original Poisson bracket thereafter. One important 
feature of the Dirac bracket is that it is degenerate in the algebra C°°(P) 
of smooth phase space functions f(z A ). Indeed, if Xa are the second class 
constraints that have been used in the definition of the Dirac bracket, then 
one has 

[f,Xa]=0- (1) 

It is the degeneracy of the Dirac bracket that enables one to distinguish 
between first class and second class constraints when one has eliminated 
the Poisson bracket. Although degenerate in the algebra C°°(P) of smooth 
functions defined in the entire phase space, the Dirac bracket is regular in 
the algebra C°°(£2) of functions defined on the surface of the second class 
constraints. But since we want to maintain a symmetric treatment of the 
constraints, we do not reduce the system to £ 2 at this stage and work instead 
with the full algebra C°°(P). 

In terms of the Dirac bracket, all the constraints are first class 

[4>aA b ]=C C ab (t> c (2) 

and we shall denote by Q(z A ,rj a ,V a ) the corresponding BRST generator^]. 
There is one pair of conjugate ghosts (rj a ,V a ) for each constraint (fi a . The 
BRST generator fulfills 

[fi,fi]=0 (3) 

(in the Dirac bracket) everywhere in phase space and not just on the surface 
of the second class constraints. The fact that the Dirac bracket is degener- 
ate does not prevent one from obtaining the BRST generator in the usual 
manner. The Koszul-Tate differential used in the standard construction ex- 
plained in is acyclic at positive resolution degree independently of what 
the bracket is, and the first class property (2) guarantees that one can com- 
plete the a ?7 a -term in 

n = <f> a r} a + - (4) 

1 It is denoted by f2o in 0]. Note that once the solution of (3) is found, the general 
solution of the equations of ||, |^| reads, in the notations of |FJ, || , 

O + T A (T A + 0( V a )) + 0(T A JT* B ) 

(and A is defined by Eq. (3.5) of Q). Thus, one may say that the heart of the construction 
of (|, f| is contained in the equation [f2 , Q ] = 0. 
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in the usual recursive procedure, in such a way that (3) holds. 

However, the degeneracy of the bracket has one dramatic consequence on 
the cohomology. As it has been shown in || , the classical BRST cohomology 
is not given by the longitudinal cohomology along the gauge orbits, as in the 
standard case. It is rather given by the longitudinal cohomology tensored 
by the ghosts r] a of the second class constraints, which are associated with 
no gauge direction but which are not removed in cohomology. In the regular 
case with invertible Poisson bracket, first class constraints play a dual role. 
Not only do they constrain the system, but also, they generate the gauge 
transformations. This dual role is lost when the bracket is degenerate, since 
the (original) second class constraints appear as first class but generate no 
gauge transformation. They actually generate nothing at all because of (1). 
The disappearance of the dual role played by the constraints makes previous 
analyses of the BRST cohomology inapplicable. 

To make this point clear, let us consider the simple case of a two-dimensional 
phase space with coordinates q,p. We take as constraints 

q=0, p = 0. (5) 

This system has no physical degree of freedom and the observables are just 
the constants since the constraint surface is reduced to a single point. The 
Dirac bracket is 

[q,p]=Q. (6) 

The BRST charge reads 

Q = qrj 1 + prf . (7) 

The gauge orbits are O-dimensional ([f,4> a ] = 0) so that there is no longitu- 
dinal one-form. The exterior longitudinal algebra on the constraint surface 
reduces to the constants. Yet, the BRST cohomology is given by the poly- 
nomials in the ghosts i] a , which cannot be interpreted as longitudinal forms. 
Indeed, the ghost momenta V\ and V\ kill q and p in cohomology, but there 
is nothing to remove the ghosts. The classical BRST cohomology is thus too 
large Q. 

2 It is true that the BRST cohomology at ghost number zero is given by the constants. 
One may argue that this is physically just what is needed. But this feature disappears 
in the quantum theory, where one finds non trivial operators at ghost number zero (see 
below) . 
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Let us now turn to the quantum theory. The space of quantum states 
must provide an irreducible representation of the Dirac brackets. Accord- 
ingly, each second class constraint must be realized as the zero operator, as 
the following argument shows. Each Xa commutes with everything, so that it 
is a multiple of the identity. Furthermore, it must have vanishing expectation 
value for physical states and hence, this multiple of the identity must be zero. 
As stressed in ||, this is inevitable. Thus, there exist non- vanishing phase 
space functions that are represented by the operator 0, namely \aJ{z A ). This 
feature enlarges even further the BRST cohomology, by introducing also the 
ghost momenta V a in the cohomology. These variables are no longer elimi- 
nated by the constraints Xa, which become quantum-mechanically empty. 

In the case of the model (5), the states can be represented as functions 
of the ghosts, ijj = ^(rj 1 , rf). The operators are 

d 

# = = pip, rj a ip = r] a i{j, V a i/j = -i—ip. (8) 

The quantum BRST generator identically vanishes and so any operator 
A(f), V) defines a BRST cohomological class. For instance, i] 1 p2 is a ghost 
number zero BRST invariant operator, but it does not correspond to any of 
the true physical observables, since these are the multiples of the identity (no 
physical degree of freedom for the model at hand). 

Now, while there is no way to recover the correct cohomology at the 
classical level by standard means, this is not so at the quantum level. This is 
because when one passes to quantum mechanics, all the first class constraints 
recover their characteristic dual role of both constraining the system and 
generating the gauge transformations, or of doing neither at all (but not 
of doing one and not the other). The operators x a corresponding to the 
original second class constraints do not generate any transformation, as in 
the classical theory, but they also do not constrain the system anymore since 
the equations Xa = are of the form = 0. Hence, one is in the standard 
setting of the usual Hamiltonian BRST construction, but, of course, in the 
reducible situation since the constraints Xa — are empty : the second class 
constraints cease to be irreducible quantum-mechanically. . 

As is well known, in order to treat this case, one needs to introduce 
one pair of conjugate ghosts of ghosts for each second class constraint, even 
though these constraints are irreducible classically. The correct quantum 
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BRST charge is given by 

d = $aV a + Al aj r- (9) 

where (7 a ,7r a ) are the ghost of ghost conjugate pairs. Once the spectrum 
includes the ghosts of ghosts, the BRST generator (9) possesses the correct 
cohomology. Indeed, the main motivation for introducing ghosts of ghosts 
is precisely based on cohomological considerations O. The case of empty 
constraints is explicitly treated in (chapter 10). 
In the case of the above simple model, one has 

Cl = Vi^ + V 2 l 2 (10) 

The ghost of ghost pairs kill the ghost pairs in cohomology and the quantum 
operator BRST cohomology is correctly given by the multiples of the identity. 
More precisely, the BRST transformation reads 

sr] l =l\ ^ = 0, (11) 

V = 7 2 , s 7 2 = 0, (12) 

STTi = Vi, sVi = 0, (13) 

sti 2 = V 2 , sV 2 = 0. (14) 

Hence, the pairs (r/ 1 ,^ 1 ), (r] 2 ,^ 2 ), (-Ki,Vi), (7r 2 ,V 2 ) mutually cancel each 
other in cohomology. 

We thus see that the approach in which one treats all the constraints as 
first class and uses the Dirac bracket must be supplemented by ghosts of 
ghosts for the original second class constraints, even if these are irreducible. 
The ghosts of ghosts can be incorporated by means of the standard tech- 
niques. However, this spoils the uniform treatment of the constraints since 
there are ghosts of ghosts only for the second class constraints and not for 
the original irreducible first class constraints. 

One may try to avoid this problem by modifying the ghosts commutation 
relations. In this tentative approach, one would replace the ghost Poisson 
brackets by "Dirac brackets" such that the ghost variables associated with 
the second class constraints (anti) commute with everything. For instance, 
for the model (4), one would set 

bf°,A] = o, (is) 
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and one would represent each of the ghost variables as the zero operator in the 
quantum theory. The space of quantum states would then be one- dimensional 
and the BRST cohomology would be correct. There would be no need for 
ghosts of ghosts. However, since this approach requires a separation of the 
ghosts respectively associated with the first and second class constraints, it 
fails to provide a uniform treatment of the constraints in the general case. 

Alternatively, one may try to keep a uniform treatment of the constraints 
at the level of the ghosts of ghosts by introducing ghosts of ghosts also for 
the first class constraints. This is unnecessary since these are irreducible 
but it can be done if one brings in trivial reducibility conditions among the 
first class constraints, of the form times (constraints) = 0. These trivial 
reducibility relations are empty and thus, needs in turn ghosts of ghosts of 
ghosts at the next level [[J, [7J. Since there are empty relations only for the 
original first class constraints, the procedure spoils again uniformity. One 
can cure this defect by associating ghosts of ghosts of ghosts also with the 
original second class constraints. This can be done by introducing again 
trivial reducibility relations at that level. But this forces one to go on at the 
next level, and so on, so that a symmetric treatment of all the constraints 
leads to an infinite tower of ghosts of ghosts. Because of the well known 
difficulties associated with infinite towers of ghosts of ghosts, the prospects 
of reaching a manageable uniform treatment of all the constraints are rather 
grim. This is perhaps not too surprising in view of the very different physical 
roles played by first class and second class constraints. 
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